The dynamics of the delay logistic equation with complex parameters and arbitrary complex initial conditions is investigated. The analysis of the local stability of this difference equation has been carried out. We further exhibit several interesting characteristics of the solutions of this equation, using computations, which does not arise when we consider the same equation with positive real parameters and initial conditions. Some of the interesting observations led us to pose some open problems and conjectures regarding chaotic and higher order periodic solutions and global asymptotic convergence of the delay logistic equation. It is our hope that these observations of this complex difference equation would certainly be an interesting addition to the present art of research in rational difference equations in understanding the behaviour in the complex domain.
Introduction and Preliminaries
Consider the delay logistic difference equation
, n = 0, 1, . . .
where the parameter α is complex number and the initial conditions z −1 and z 0 are arbitrary complex numbers.
The same difference equation including some variations of the this are studied when the parameter α and initial conditions are non-negative real numbers, Eq.(1) was investigated in [2] and [3] . In this present article it is an attempt to understand the same in the complex plane.
The set of initial conditions z −1 , z 0 ∈ C for which the solution of Eq. (1) is well defined for all n ≥ 0 is called the good set of initial conditions or the domain of definition. It is the compliment of the forbidden set of Eq. (1) for which the solution is not well defined for some n ≥ 0. It is really hard to find out either the good set or forbidden set for the second and higher order rational difference equations due to the lack of an explicit form of the solutions. For the rest of the sequel it is assumed that the initial conditions belong to the good set [14] .
Our goal is to investigate the character of the solutions of Eq.(1) when the parameters are complex and the initial conditions are arbitrary complex numbers in the domain of definition. Here, we review some results which will be useful in our investigation of the behavior of solutions of the difference equation (1) .
where D ⊆ C be a continuously differentiable function. Then for any pair of initial conditions z 0 , z −1 ∈ D, the difference equation
with initial conditions z −1 , z 0 ∈ D.
Then for any initial value, the difference equation (1) will have a unique solution {z n } n .
A point z ∈ D is called equilibrium point of Eq.(2) if
The linearized equation of Eq.(2) about the equilibriumz is the linear difference equation
where for i = 0 and 1.
The characteristic equation of Eq. (5) is the equation
The following are the briefings of the linearized stability criterions which are useful in determining the local stability character of the equilibrium z of Eq.(2), [1] .
Let z be an equilibrium of the difference equation z n+1 = f (z n , z n−1 ).
• The equilibriumz of Eq. (2) is called locally stable if for every > 0, there exists a δ > 0 such that for every z 0 and z −1 ∈ C with |z 0 −z| + |z −1 −z| < δ we have |z n −z| < for all n > −1.
• The equilibriumz of Eq. (2) is called locally stable if it is locally stable and if there exist a γ > 0 such that for every z 0 and z −1 ∈ C with |z 0 −z| + |z −1 −z| < γ we have lim n→∞ z n =z.
• The equilibriumz of Eq. (2) is called global attractor if for every z 0 and z −1 ∈ C, we have lim n→∞ z n =z.
• The equilibrium of equation Eq. (2) is called globally asymptotically stable/fit is stable and is a global attractor.
• The equilibriumz of Eq. (2) is called unstable if it is not stable.
• The equilibriumz of Eq. (2) is called source or repeller if there exists r > 0 such that for every z 0 and z −1 ∈ C with |z 0 −z| + |z −1 −z| < r we have |z n −z| ≥ r. Clearly a source is an unstable equilibrium.
Local Stability of the Equilibriums and Boundedness
In this section we establish the local stability character of the equilibria of Eq.(1) when the parameters α and β are considered to be complex numbers with the initial conditions z 0 and z −1 are arbitrary complex numbers.
The equilibrium points of Eq.(1) are the solutions of the equation
(1) has two equilibria pointsz 1,2 = 0,
respectively. The linearized equation of the rational difference equation (1) with respect to the equilibrium pointz 1 = 0 is
with associated characteristic equation
The following result gives the local asymptotic stability of the equilibriumz 1 . . The equilibriumz 2 is locally asymptotically stable if and only if the modulus of the zeros of the characteristic equation are less than 1. Simple algebraic calculation of these two inequalities reduced to the condition 1 3 ≤ |α| ≤ 4 3 . In the similar fashion the equilibrium is unstable if and only if the modulus of the zeros are greater than 1. Consequently, the condition reduces to 0 < |α| < 1 3 . Hence the theorem is proved. Now we would like to try to find open ball B(0, ) ∈ C such that if z n ∈ B(0, ) and z n−1 ∈ B(0, ) then z n+1 ∈ B(0, ) for all n ≥ 0. In other words, if the initial values z 0 and z −1 belong to B(0, ) then the solution generated by the difference equation (1) would essentially be within the open ball B(0, ). Theorem 2.3. For every > 0 and for any complex parameter |α| < 1 and |β| < 1, if z n and z n−1 ∈ B(0, ) then z n+1 ∈ B(0, ) provided,
Proof. Let {z n } be a solution of the equation Eq.(1. Let > 0 be any arbitrary real number. Consider z n , z n−1 ∈ B(0, ). We need to find out an such that z n+1 ∈ B(0, ) for all n. It is follows from the Eq.(1) that for any > 0, using Triangle inequality for |α| < 1 and |β| < 1
In order to ensure that |z n+1 | < , it is needed to be
Therefore the required is followed.
Periodic Solutions
The global periodicity and the existence of solutions that converge to periodic solutions of the difference equation (1 are adumbrated in this section.
A solution {z n } n of a difference equation is said to be globally periodic of period t if z n+t = z n for any given initial conditions. solution {z n } n is said to be periodic with prime period p if p is the smallest positive integer having this property.
Existence and Local Stability of Prime Period Two Solutions
Here we find out prime period two solutions followed by the local stability analysis of them.
Existence of Prime Period Two Solutions
Let . . . , φ, ψ, φ, ψ, . . ., φ = ψ be a prime period two solution of the difference equation ( 
Local Stability of Prime Period Two Solutions
Let . . . , φ, ψ, φ, ψ, . . ., φ = ψ be a prime period two solution of the Pielou's equation (1) . We set u n = z n−1
Then the equivalent form of the delay Logistic difference equation (1) is
Let T be the map on (0, ∞) × (0, ∞) to itself defined by
Then φ ψ is a fixed point of T 2 , the second iterate of T .
where g(u, v) = . Clearly the two cycle is locally asymptotically stable when the eigenvalues of the Jacobian matrix J T 2 , evaluated at φ ψ lie inside the unit disk. We have,
In particular for the prime period 2 solution, In particular, for α = i and β = 2 + 3i the prime period 2 solutions is {φ → −0.294567 + 0.313317i, ψ → −0.0900486 − 0.236394i}. The periodic trajectory is shown in Fig.1 of which the |χ| = 1.38112 and |λ| = 0.689678. By the Linear Stability theorem (|χ| < 1 + |λ| < 2) the prime period 2 solution is locally asymptotically stable. 
Higher Order Cycles in Solutions
Here we shall explore the higher order periodic cycle of the difference equation (1) 
Chaotic Solutions
Finding chaotic solutions for the delay logistic equation (1) is interesting indeed since in case of real parameter α and β and the initial values z 0 and z −1 there does not exists any chaotic solutions. The method of Lyapunov characteristic exponents serves as a useful tool to quantify chaos. Specifically Lyapunov exponents measure the rates of convergence or divergence of nearby trajectories. Negative Lyapunov exponents indicate convergence, while positive Lyapunov exponents demonstrate divergence and chaos. The magnitude of the Lyapunov exponent is an indicator of the time scale on which chaotic behavior can be predicted or transients decay for the positive and negative exponent cases respectively. In this present study, the largest Lyapunov exponent is calculated for a given solution of finite length numerically [11] . We are looking for complex parameter α and β for which for every initial values the solutions are chaotic. If we consider the parameter β = 1 then the difference equation is known as Pielou's equation and which is well studied earlier in case of real line. Here are few examples which we came across computationally. 
